Flux State in von Neumann lattice and Fractional Hall Effect by Ishikawa, Kenzo & Maeda, Nobuki
ar
X
iv
:c
on
d-
m
at
/9
60
90
03
v1
  3
0 
A
ug
 1
99
6
EPHOU-96-007
August, 1996
FLUX STATE IN VON NEUMANN LATTICE AND
FRACTIONAL HALL EFFECT
Kenzo Ishikawa and Nobuki Maeda
Department of Physics, Hokkaido University, Sapporo 060
abstract
Formulation of quantum Hall dynamics using von Neumann lattice of guiding center
coordinates is presented. A topological invariant expression of the Hall conductance is
given and a new mean field theory of the fractional Hall effect based on flux condensation
is proposed. Because our mean field Hamiltonian has the same form as Hofstadter Hamil-
tonian, it is possible to understand characteristic features of the fractional Hall effect from
Hofstadter’s spectrum. Energy gap and other physical quantities are computed and are
compared with the experiments. A reasonable agreement is obtained.
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1 Introduction
Systems of two-dimensional electrons in a perpendicular strong magnetic field are giving
many exciting physics these days[1]. Electrons in these systems have discrete energies
with finite maximum degeneracy[2]. Among infinitely many representations, an invariant
representation under two dimensional translation is convenient for many purposes. In-
variant representation under continuous translations does not exist due to the magnetic
field but lattice translational invariant one does exist. von Neumann lattice coherent state
representation[3]is such representation and we have used it to verify the integer quantum
Hall effect. We give a new representation of von Neumann lattice in this paper, and
propose a new mean field theory of the quantum Hall liquid based on flux condensed
state. The fractional Hall state[4] is regarded as a kind of integer Hall effect due to the
condensed flux, and has a large energy gap in our theory.
It is convenient to use relative coordinates[5] which are perpendicular to velocity oper-
ators and guiding center coordinates for describing two-dimensional electrons in the per-
pendicular magnetic field. Coherent states in guiding center coordinates have minimum
spatial extensions and its suitable complete subset whose element has discrete eigenvalues
defined on lattice site are used. Field operators in the present representation have two-
dimensional lattice coordinates in addition to Landau level index, and the many-body
theory is described by a lattice field theory of having internal freedom. Exact identities
such as current conservation and Ward-Takahashi identity[3] derived from current conser-
vation are written in a transparent way and play the important roles for establishing an
exact low-energy theorem of the quantum Hall effect. We are able to expess flux state in
a symmetric way, also.
One of the hardest and most important thing of the fractional Hall effect is to find
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a mechanism of generating energy gap. Without interactions there is no energy gap at
any fractional filling state. Hence interaction generates gap. Once the gap is generated,
fluctuations are suppressed. Higher order corrections are expected to be small if starting
approximate ground state has the energy gap and close to eigenstate.
Flux state has a modified symmetry under translation and can have energy gap at
certain filling states. We study flux states of the fractional Hall system.
In our mean field theory of the fractional quantum Hall effect, an order parameter is a
magnitude of the flux condensation. Because the system changes its property drastically
with the change of flux it is quite natural to treat the flux as an order parameter. Due to
the dynamical fux, our mean field Hamiltonian is close to that of Hofstadter[6] and new
integer Hall effect occurs within the lowest Landau level space of the external magnetic
field. From Hofstadter’s analysis and others[7] ground state has the lowest energy and
the largest energy gap, if its flux is proportional to filling factor. We regard, in fact, these
states as the fractional Hall states. Especially the principal series at ν = p/(2p±1) satisfy
the self-consistency condition and have large energy gap. They can be observed even in
the Hofstadter’s spectrum of butterfly shape.
Our mean field theory has similarities also with a mean field theory of composite
fermion[8] in regarding the fractional Hall effect as a kind of integer Hall effect. However,
ours includes interaction effects in the space of the lowest Landau level at the mean field
level and so the effective mass, energy gap, and other quantities of the fractional quantum
Hall states are close to the observed value even in the lowest order. These features are
seen in ours but are not seen in the composite fermion mean field theory. We, also, found
our ground state energy has slightly higher energy than that of Laughlin for ν = 1/3 case.
Due to the energy gap, fluctuations are small in the fractional quantum Hall state.
Higher order corrections are small and the perturbative expansions converge well, gener-
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ally. Exact half-filling is, however, exceptional and there is no energy gap. Fermi surface
is composed of isolated points in the lowest order, but the fluctuations are extremely large.
So, the structure around the Fermi energy may be changed drastically from that of the
lowest order by interactions at the half-filling. Thus our mean field may not be good at
the exact half-filling.
The paper is organized in the following way. In section 2, we formulate von Neumann
lattice representation and verify the integer Hall effect. In section 3 flux state mean
field theory on the von Neumann lattice is formulated and is compared with the existing
experiments in Section 4. Conclusions are given in section 5.
2 Quantum Hall dynamics on von Neumann lattice
Quantum Hall system is described by the following Hamiltonian,
H =
∫
dx[Ψ†(x) (p+eA)
2
2m
Ψ(x) + ρ(x)V (x−y)
2
ρ(y)], (2.1)
∂1A2 − ∂2A1 = B, ρ(x) = Ψ†(x)Ψ(x), V (x) = e2κ 1|x| .
We ignore the disorders in this paper. It is convenient to use the following two sets of
variables,
ξ = 1
eB
(py + eAy), X = x− ξ, (2.2)
η = − 1
eB
(px + eAx), Y = y − η,
which satisfy,
[ξ, η] = −[X, Y ] = −i h¯
eB
,
[ξ,X ] = [ξ, Y ] = 0, (2.3)
[η,X ] = [η, Y ] = 0.
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We expand the electron field operators with a complete set of base functions, fl(ξ, η) ⊗
|Rm,n〉, which are defined by,
(p+A)2
2m
fl =
e2B2
2m
(ξ2 + η2)fl = Elfl, El =
h¯eB
2m
(2l + 1) (2.4)
(X + iY )|Rm,n〉 = a(m+ in)|Rm,n〉, a =
√
2pih¯
eB
.
The coherent states on von Neumann lattice are constructed as,
|Rm,n〉 = (−1)mn+m+neA†
√
pi(m+in)−A√pi(m−in)|0〉, (2.5)
A =
√
eB
2h¯
(X + iY ), [A,A†] = 1.
The expressions of electron field are given by,
Ψ(x) =
∑
al(m,n)fl(ξ, η)⊗ |Rm,n〉, (2.6)
Ψ†(x) =
∑
a†l (m,n)fl(ξ, η)⊗ 〈Rm,n|,
and they are substituted into the action integral,
S =
∫
dxΨ†(x)ih¯
∂
∂t
Ψ(x)−H (2.7)
=
∑〈Rm1,n1|Rm2,n2〉a†l (R1)(ih¯ ∂∂t −El)al(R2) +
∫
dkρ(k)
V (k)
2
ρ(−k).
By using the conjugate momentum to the lattice site, Rm,n, the action is written as,
S =
∑∑
a†l (p1)e
iφ(p,N)β∗(p1)β(p2)(ih¯ ∂∂t − El)al(p2)δ(p1 − p2 + 2pia N)
+
∫
dkρ(k)V (k)
2
ρ(−k), (2.8)
β∗(p) = 2
1
4 e−
a2
4pi
p2xΘ1(
ia
2π
(px + ipy), i),
β∗(p+
2π
a
N) = eiφ(p,N)β∗(p),
φ(p,N) = Nx(apy + π) +Nyπ,
−π/a ≤ pi ≤ π/a,
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where Θ1(x, i) is the elliptic theta function of the first kind[9] and N is a two-dimensional
vector which has integers as components. The momentum is conserved and its eigenvectors
are orthogonal if their eigenvalues are different but they are not normalized. We introduce
normalized operators,
bl(p) = β(p)al(p), (2.9)
b†l (p) = β
∗(p)a†l (p).
From the definition, β(p) vanishes at p = 0. This reflects a constraint of the coherent
states on von Neumann lattice[10], but it causes no difficulty in our method. They satisfy,
{bl1(p1), b†l2(p2)} =
∑
N e
−iφ(p1,N)δ(p1 − p2 + 2pia N), (2.10)
bl(p+
2pi
a
N) = e−iφ(p1,N)bl(p).
The action is written as,
S =
∑
l
∑
N,p1,p2
b†l (p1)e
iφ(p1,N)(ih¯ ∂
∂t
−El)bl(p2)δ(p1 − p2 + 2pia N)
+
∫
dkρ(k)V (k)
2
ρ(−k), (2.11)
ρ(k) =
∑
b†l1(p1)bl2(p2)δ(p1 − p2 − k+
2π
a
N)(l1|eik·ξ|l2)eiφ(
p1+p2
2
,N)+ia
2
4pi
ky(px1+p
x
2 ). (2.12)
The current operator is also written as,
ji(k) =
∑
b†l1(p1)bl2(p2)δ(p1 − p2 − k + 2pia N)(l1|vieik·ξ|l2)eiφ(
p1+p2
2
,N)+ia
2
4pi
ky(px1+p
x
2 ),
v = eB
m
(−η, ξ). (2.13)
The commutation relations (2.10), and the action (2.11), have no singularity in p. The
zero of β(p) in Eq.(2.9) does not cause any problem. Hence meaningful theory is defined
in this way contrary to naive expectations. To make sure this point further, we solve the
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one impurity problem by the present representation. We find an agreement with previous
results. Namely eigenvectors are localized around the impurity position if corresponding
eigenvalues are isolated and located between Landau levels. Their energies are moved
with the impurity, also. Appendix A is devoted for the short range impurity problem.
From Eqs.(2.10) and (2.12), we have commutation relations between charge density
and field operators,
[ρ(k), b(p)] = −(l1|eik·ξ|l2)eia
2
4pi
ky(2px−kx)bl2(p− k)eipiNxNy+iakyNx ,
|p− k+ 2pi
a
N| ≤ pi
a
, (2.14)
[ρ(k), b†(p)] = (l1|eik·ξ|l2)eia
2
4pi
ky(2px+kx)b†l1(p+ k)e
−ipiNxNy−iakyNx ,
|p+ k− 2pi
a
N| ≤ pi
a
.
For the momentum p in the fundamental region and infinitesimal k, N vanishes. The
right-hand sides have linear terms in k. Hence Ward-Takahashi identity between the
vertex part and the propagator is modified from that of the naive one. We introduce the
unitary operator U(p) which satisfies
δl1,l2
∂
∂pi
U(p) + {i(l1|ξi|l2) + i a
2
2π
pxδl1,l2}U(p) = 0, (2.15)
and make transformation of the propagator and the vertex part as,
S˜(p) = U(p)S(0)(p)U †(p), (2.16)
Γ˜µ(p1,p2) = U(p1)Γµ(p1,p2)U
†(p2).
They satisfy, then,
Γ˜µ(p, p) =
∂S˜−1(p)
∂pµ
. (2.17)
The current correlation function in the momentum representation is written as,
πµν(q) = 〈T(jµ(q1)jν(q2))〉 (2.18)
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=
∑
S
(0)
l1,l4
(p1)S
(0)
l3,l2
(p3)(l1|Γµeiq·ξ|l2)(l3|Γνe−iq·ξ|l4)×
δ(p1 − p3 − p1 + 2π
a
N)δ(−q1 − p2 + 2π
a
(M+N)),
S
(0)
l1,l4
(p1) =
1
p01 −El1
δl1,l4 ,
in the lowest order of the interaction. The Hall conductance is the slope of πµν(q1) at
the origin and is expressed, under the use of the transformed propagator and the Ward-
Takahashi identity (2.17), as,
σxy =
e2
h
1
24π2
∫
d3pǫµνρTr[
∂S˜−1(p)
∂pµ
S˜(p)
∂S˜−1(p)
∂pν
S˜(p)
∂S˜−1(p)
∂pρ
S˜(p)]. (2.19)
The right-hand side is a three-dimensional winding number of the mapping defined by
the propagator S˜(p). The space of the propagator is decomposed into SU(2) subspace,
a space spanned by l-th Landau level and (l + 1)-th Landau level from Eq.(2.18). Note
also that S(0)(p) is diagonal in li. In this subspace, S˜(p) is defined on the torus and the
Hall conductance becomes integer multiple of e
2
h
in the quantum Hall regime where there
is no two-dimensionally extended states around the Fermi energy. The value is stable
under perturbation effects such as interactions, disorders, and others as far as the series
converge, as were shown by Coleman, Hill[11], and others[12][3].
The value of σxy stays constant while the Fermi energy is moved if there is no sin-
gularity involved. This occurs actually at the quantum Hall regime where there is no
two-dimensionally extended states but there are only localized states with discrete ener-
gies or one-dimensionally extended states. In this situation, the value is computed by the
lowest order calculation and has no correction from the higher order corrections.
3 Flux state mean field theory
We propose a new mean field theory based on flux state on von Neumann lattice in this
section.
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The dynamical flux is generated by interactions and plays the important role in our
mean field theory. It is described by a lattice Hamiltonian, which is due to the external
magnetic field, and by the dynamical magnetic flux due to interaction, although the
original electrons are defined on the continuum space. Consequently, our mean field
Hamiltonian is close to Hofstadter Hamiltonian and hence there are similarities between
their solutions.
Hofstadter Hamiltonian shows remarkable structures. As is seen in Fig.1 the largest
gap exists along a line Φ = νΦ0 with a unit of flux Φ0. Ground state energy becomes
minimum also with this flux. These facts may suggest that Hofstadter problem has some
connection with the fractional Hall effect. We pursue a mean field theory of the condensed
flux states in the quantum Hall system and point out that the Hofstadter problem is
actually connected with the fractional Hall effect.
From the dynamical magnetic field, are defined new Landau levels. If integer number
of these Landau levels are filled completely, the integer quantum Hall effect occurs. The
ground state has a large energy gap and is stable against perturbations, just like ordinary
integer quantum Hall effect. We study these states and will identify them as fractional
quantum Hall states.
We postulate, in the quantum Hall system of the filling factor ν, the dynamical flux
per plaquette and dynamical magnetic field of the following magnitudes,
Φind = νΦ0, Φ0 = Φexternal flux, (3.1)
Bind = νB0, B0 = Bexternal magnetic field,
where ν is the filling factor measured with the external magnetic field. We obtain a self-
consistent solution with this flux. Then the integer quantum Hall effect due to induced
magnetic field could occur just at filling factor ν, because the density satisfies the integer
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Hall effect condition,
eBind
2pi
N = eB0
2pi
ν, (3.2)
N = 1.
The ground state has a large energy gap, generally.
At the half-filling ν = 1/2, half-flux Φ0/2 is induced. This situation has been studied
in detail by Lieb[13] and others[14] in connection with Hubbard model or t-J model. Lieb
gave a quite general proof that the energy is optimal with half-flux at the half-filling case.
We study first the state of ν = 1/2 and the states of ν = p/(2p± 1), next. At Φ = Φ0/2,
band structure is that of massless Dirac field and has doubling symmetry. When even
number of Landau levels of the effective magnetic field, Bind − B0/2, are filled, ground
states have large energy gaps. This occurs if the condition of the density,
e
2π
|ν − 1
2
|B0 · 2p = eB0
2π
ν, (3.3)
ν =
p
2p± 1 ; p, integer,
is satisfied. A factor 2 in the left-hand side is due to doubling of states and will be discussed
later. We study these states in detail based on von Neumann lattice representation.
Action, Eq.(2.11), and density operator, Eq.(2.12), show that there is an effective
magnetic field in the momentum space. Area of the momentum space is given by a finite
value, (2π/a)2, and the total flux is hence finite. The total flux in the momentum space
is in fact unit flux. In the thermodynamic limit, in which the density in space is finite,
the density in momentum space is infinite. Consequently, it is possible to make this
phase factor disappear by a singular gauge transformation in the momentum space with
infinitesimally small coupling.
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We make a singular gauge transformation of the field in the momentum space,
cl(p) = e
ie˜λ(p)bl(p),
λ(p) = 1
2pi
∫
θ(p− p′)ρ(p′)dp′, (3.4)
tan θ = (p−p
′)y
(p−p′)x ,
where ρ(p) is the density operator in the momentum space and e˜ is determined from
Eqs.(B.3) and (B.4) in Appendix B. With the transformed field, the commutation relation
and the charge density are expressed as,
{cl1(p1), c†l2(p2)} =
∑
δl1,l2δ(p1 − p2 + 2pia N), (3.5)
ρ(k) =
∑
c†l1(p1)cl2(p2)δ(p1 − p2 − k+ 2pia N)(l1|eik·ξ|l2).
By a Chern-Simons gauge theory in the momentum space, the gauge transformation,
Eq.(3.4), is realized as is expressed in Appendix B. Here, the coupling constant e˜ is
infinitesimally small, hence fluctuations of the Chern-Simons gauge field have small effect
and we ignore the fluctuations.
The action in the coordinate representation is given by,
S =
∑
c†l (R)(ih¯
∂
∂t
−El)cl(R)− 12
∑
vl1,l2;l3,l4(R2 −R1)c†l1(R1)c†l2(R1)cl3(R2)cl4(R2),
vl1,l2;l3,l4(R2 −R1) =
∫
k 6=0 dkV (k)(l1|eik·ξ|l2)(l3|e−ik·ξ|l4)eik·(R2−R1). (3.6)
Hence the Hamiltonian in the lowest Landau level space is given by,
H = −1
2
∑
v(R2 −R1)c†0(R1)c0(R2)c†0(R2)c0(R1), (3.7)
v(R) = pi
a
e−
pi
2
R2I0(
pi
2
R2),
where I0 is zero-th order modified Bessel function. We study a mean field solution of this
Hamiltonian. We have an expectation value and a mean field Hamiltonian,
〈c†0(R1)c0(R2)〉 = U0(R1 −R2)ei
∫ R1
R2
Aind·dx, (3.8)
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Hmean field = −∑ v(R2 −R1)U0(R1 −R2)ei
∫ R1
R2
Aind·dxc†0(R2)c0(R1),
and solve the equations self-consistently. The mean field Hamiltonian coincides to that
of Hofstadter if the potential is of short range of nearest neighbor type. The spectrum
obtained by Hofstadter shows characteristic structures, and has a deep connection with
the structure of the fractional quantum Hall effect.
(i) Half-filled case, ν = 1/2.
At half-filling ν = 1/2, the system has a half flux Φ = Φ0/2. The system, then, is
described equivalently with the two-component Dirac field by combining the field at even
sites with that at odd sites. In the gauge, Ax = 0, Ay = Bx, the mean field Hamiltonian
reads,
HM.F. =
∑
Ψ†(X ′)
(
aee(X
′ −X) aeo(X ′ −X)
aoe(X
′ −X) aoo(X ′ −X)
)
Ψ(X),
Ψ(X) =
(
c(2m,n)
c(2m+ 1, n)
)
, (3.9)
aee(m
′ −m,n′ − n) = 〈c†(2m′, n′)c(2m,n)〉v(2m′ − 2m,n′ − n),
aoo(m
′ −m,n′ − n) = 〈c†(2m+ 1′, n′)c(2m+ 1, n)〉v(2m′ − 2m,n′ − n),
aeo(m
′ −m,n′ − n) = 〈c†(2m′, n′)c(2m+ 1, n)〉v(2m′ − 2m− 1, n′ − n),
aoe(m
′ −m,n′ − n) = 〈c†(2m′ + 1, n′)c(2m,n)〉v(2m′ − 2m+ 1, n′ − n),
aeo = aoe, (3.10)
aee + aoo = 0.
We obtain the self-consistent solutions numerically. Fig.2 shows the spectrum. As is
expected, spectrum has two minima and two zeros corresponding to doubling. We have
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the momentum space expression of the mean field Hamiltonian,
HM.F. =
∑
c†ξ(p)Fξη(p)cη(p) (3.11)
=
∑
ǫα(p)c
†
ξ(p)U
†
ξξ′(p)Uξ′η(p)cη(p),
ǫ±(p) = ±
√
a2ee(p) + a
2
eo(p),
Uξη(p) =
(
aeo/N+ (ǫ+ − aee)/N+
aeo/N− (ǫ− − aee)/N−
)
,
N2± = 2(a
2
ee + a
2
eo − aeeǫ±),
aee(px, py + π/a) = −aee(px, py), aee(py, px) = aeo(px, py).
The matrix Fξη(p) is approximated well with a nearest neighbor form,
F (p) = 2K
(
cos py cos px
cos px − cos py
)
, (3.12)
K = 0.107
e2
κlB
, lB =
√
h¯
eB
.
Around minima, the energy eigenvalue of Eq.(3.11) is approximated as,
E(p) = E0 +
(p− p0)2
2m∗
, p0 = (0, 0), (0, π/a), (3.13)
and they are approximated around zeros as,
E(p) = γα · p, (3.14)
αx =
(
0 1
1 0
)
, αy =
(
1 0
0 −1
)
,
in 2×2 expression. The m∗ in Eq.(3.13) is the effective mass and γ is the effective velocity.
They are computed numerically. Its value is,
m∗ = 0.225
√
B
B0
me, B0 = 20Tesla, (3.15)
γ = 0.914 e
2
κ
.
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The effective mass is proportional to the square root of B in our method.
ν = 1/2 mean field Hamiltonian is invariant under a kind of Parity, P , and anti-
commutes with a chiral transformation, α5, which are defined by,
P : Ψ(px, py) → αxΨ(px, py + π/a), (3.16)
α5 : Ψ(px, py) → α5Ψ(px, py),
α5 = αxαy.
If the parity is not broken spontaneously, there is a degeneracy due to parity doublet.
Doubling of the states[15] appears also at ν 6= 1/2 and plays important role, when we
discussed the states away from ν = 1/2 in the next part. When an additional vector
potential with the same gauge, Ax = 0, Ay = Bx, is added, the Hamiltonian satisfies
the properties under the above transformations and the doubling due to parity doublet
also appears. Thus, the factor 2 is necessary in Eq.(3.3) and leads the principal series at
ν = p/(2p± 1) to have maximum energy gap.
(ii) ν = p
2p±1
If the filling factor, ν, is slightly away from 1/2, total system can be regarded as
a system with a small magnetic field (ν − 1/2)B0. A band structure may be slightly
modified. It is worthwhile to start from the band of ν = 1/2 as a first approximation and
to make iteration in order to obtain self-consistent solutions at arbitrary ν = p/(2p± 1).
We solve the following mean field Hamiltonian under the self-consistency condition at
ν = 1/2 + δ,
HM =
∑
U
( 1
2
+δ)
0 (R1 −R2)ei
∫
(A(
1
2 )+δA)dxv(R1 −R2)c†(R1)c(R2), (3.17)
〈c†(R1)c(R2)〉1/2+δ = U (
1
2
+δ)
0 e
i
∫
(A(
1
2
)+δA).
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Here we solve, instead, an Hamiltonian which has the phase of Eq.(3.17) but has the
magnitude of the ν = 1/2 state. Namely we study a series of states defined at ν = 1/2,
H
(2)
M =
∑
U
( 1
2
)
0 (R1 −R2)ei
∫
A
( 1
2
)dxv(R1 −R2)ei
∫
δAdxc†(R1)c(R2)
=
∑
F (
1
2
)(R1,R2; δA)c
†(R1)c(R2). (3.18)
Integer quantum Hall state has an energy gap of the Landau levels due to δA. This occurs
when the integer number of Landau levels are filled completely. Landau level structure
is determined by the phase factor and Eq.(3.17) and Eq.(3.18) have the same Landau
level structure. Magnitudes of the physical quantities of Eq.(3.17) may be modified,
nevertheless.
F (
1
2
)(R1,R2; 0) was obtained in the previous part, and is approximated with either the
effective mass formula (3.13) or with the nearest neighbor form (3.12). From Eqs.(3.13)
and (3.18), the Hamiltonian H
(2)
M is written in the former method as
H
(2)
M =
∑
c†(R1)U †(R1,R′1, δA){E0 + (p+eδA)
2
2m∗
}U(R′2,R2, δA)c(R2)
=
∑
c˜†(R1){E0 + (p+eδA)22m∗ }c˜(R1), (3.19)
c˜(R1) =
∑
U(R1,R
′
1)c(R
′
1), (3.20)
Uξη(R1,R
′
1) =
∫
dpeip·(R1−R
′
1)Uξη(p). (3.21)
Integer Hall states of Eq.(3.19) satisfy,
〈c˜†ξ(R1)c˜η(R2)〉 = u˜ξη(R1 −R2)ei
∫ R1
R2
δAdx
, (3.22)
and leads the expectation value,
〈c†(R1)c(R2)〉 = U †(R1,R′1)〈c˜†(R′1)c˜(R′2)〉U(R′2,R2) (3.23)
= U †(R1,R′1)u˜ξη(R
′
1 −R′2)e
i
∫ R′
1
R′
2
δAdx
U(R′2,R2).
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Here, we solve the equations obtained from Eq.(3.19) with continuum approximation,
first. We have,
[E0 +
(p−p(i)0 +δAind)2
2m∗
]u(i)p = Epu
(i)
p , (3.24)
i = 1, 2,
Ep = E0 +
eδBeff
2m∗
(2p+ 1) (3.25)
δBeff = |ν − 12 |B0.
From Eq.(3.25), p Landau levels are completely filled and the integer quantum Hall effect
occurs at ν = p/(2p± 1). The energy gap is given by Landau level spacing,
∆Egap =
eδBeff
m∗
=
eB0
m∗
|ν − 1
2
|. (3.26)
Hamiltonian with the nearest neighbor form is a 2×2 matrix of the tight-binding type.
Based on this Hamiltonian, we solve Landau level equation of the tight-binding form with
the vector potential δA,
K{c1(n+∆x)ei
∫ n+∆x
n
δA·dx + c2(n+∆y)e
i
∫ n+∆y
n
δA·dx + h.c.} = Ec1(n),
K{c1(n+∆x)ei
∫ n+∆x
n
δA·dx − c2(n+∆y)ei
∫ n+∆y
n
δA·dx + h.c.} = Ec2(n).
(3.27)
The equation are solved numerically and the energy gaps and the widths of excited bands
are given in Fig.3. Some bands are narrow and some bands are wide. Near ν = 1/2,
the effective magnetic field approaches to zero and Landau level wave functions have
large spatial extensions. Lattice structure becomes negligible and spectrum shows simple
Landau levels of the continuum equation in these regions. Near ν = 1/3, lattice structure
is not negligible and bands have finite widths. There are non-negligible corrections from
those of continuum calculations, Eq.(3.24).
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Due to energy gap of the integer Hall effect caused by the induced dynamical magnetic
field, the states at ν = p/(2p± 1) are stable and fluctuations are weak. Invariance under
P , moreover, ensures these states to have uniform density. In systems with impurities,
localized states with isolated discrete energies are generated by impurities and have en-
ergies in the gap regions. They contribute to the density but do not contribute to the
conductance. If the Fermi energy is in one of these gap regions, the Hall conductance
σxy is given by a topological formula, Eq.(2.19), and stays constant, at
e2
h
· p
2p±1 . The
fractional Hall effect is realized.
At a value of ν smaller than 1/3, Hofstadter butterfly shows other kind of structures
hence suggests other structures of the fractional Hall effect do exist. For instance at
ν =1/5, 1/7, 1/9,. . .the energy gap is large. In low density, it may be complicated, in fact.
There could exist completely different kind of phase, such as Wigner crystal phase[16].
Competition between two phases may be important. They will not be presented in the
present paper but it will be presented in a later work.
(iii) Fluctuations of FQHE at ν = p
2p±1 .
Ground states have energy gap, hence the fluctuations are small, just as in the integer
Hall effect. Density and phase fluctuations are described by the massive Chern-Simons
gauge theory[17]with a mass of order energy gap.
(iv) Fluctuations at half-filling, ν = 1
2
.
Ground state has no energy gap at ν = 1/2. Fluctuations are described by the action,
S =
∫
d3xΨ†(ih¯
∂
∂t
+ a0)Ψ + γΨ
†α · (p+ a)Ψ (3.28)
The fermion field integration leads severe infra-red divergence. If the energy dispersion is
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changed to
E0 = γ˜|p|1+δ, (3.29)
by interaction, physics at ν = 1/2 is completely different from that of the mean field. We
will not discuss physical properties of ν = 1/2 state in this paper.
4 Comparison with experiments
In the previous section we presented our mean field theory based on flux condensation,
where lattice structure generated by the external magnetic field and condensed flux due to
interaction are important ingredient. Consequently, our mean field Hamiltonian becomes
very similar to that of Hofstadter which is known to show actually large energy gap zone
along Φ = νΦ0 line. The line Φ = νΦ0 is special in Hofstadter problem and hence in
our mean field Hamiltonian, too. This explains why the experiments of the fractional
quantum Hall effects shows characteristic behavior at ν = p/(2p± 1). The ground states
at ν = p/(2p±1) have lowest energy and largest energy gap, hence these states are stable.
In this section we compare the energy gaps of the principal series with the experiments
in the lowest order. and the ground state energy of ν = 1/3 state with the Laughlin
variatioal wave function[18].
The effective mass m∗ of Eq.(3.14) was obtained from the curvature of the energy dis-
persion and should show a characteristic mass scale of the fractional Hall effect. Eq.(3.24)
gives Landau level energy in the lowest approximation and the gap energy is given in
Eq.(3.25). The gap energy from the nearest neighbor approximation, Eq.(3.12) is given
by solving Eq.(3.27). They are compared with the experimental values[19] in Fig.4. The
agreement is not perfect but should be regarded good as the lowest mean field approx-
imation. Near ν = 1/3, the bands have finite widths and near ν = 1/2, the widths
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are infinitesimal. The dependence of the width upon the filling factor, ν, and the whole
structure of the bands expressed in Fig.1 are characteristic features of the present mean
field and should be tested experimentally.
Finally we compute the ground state energy of the ν = 1/2 state and the ν = 1/3
state. Using the fact that our mean field Hamiltonian of ν = 1/3 is very close to the
short-range tight-binding Hamiltonian, we compute the ground state energy of ν = 1/3
with the tight-binding model wave function. The wave function is obtained numerically
and is substituted to the total energy per particle, Eq.(3.7), as
E1/3 =
3
N
〈Ψ|H|Ψ〉 (4.1)
= −3
2
∑
X
v(X)|U0(X)|2.
where N is the number of sites. The result is,
E1/3 = −0.340 e
2
κlB
. (4.2)
where lB =
√
h¯/eB. This value should be compared with that of Laughlin wave function,
E1/3 = −0.416 e
2
κlB
. (4.3)
The value of Eq.(4.2) is higher than Eq.(4.3), but the difference is not large. This may
suggest that mean field flux state is infact close to Laughlin wave function and to the
exact solution. For the state at ν = 1/2, we use our self-consistent solution for computing
the ground state energy per particle,
E1/2 = −0.347 e
2
κlB
. (4.4)
As is mentioned in Section.3, the fluctuations are extremely large and the mean field value
get large corrections from the higher order effects. So the results about the ν = 1/2 state
should not be taken seriously.
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5 Summary
We formulated the quantum Hall effects, integer Hall effect and fractional Hall effect with
von Neumann lattice representation of two-dimensional electrons in a strong magnetic
field. von Neumann lattice is a subset of coherent state. The overlapp of the states is
expressed with theta function. They give a systematic way of expressing quantum Hall
dynamics.
Topological invariant expression of the Hall conductance was obtained in which com-
pactness of the momentum space is ensured by the lattice of the coordinate space. Because
the lattice has an origin in the external magnetic field, topological character of the Hall
conductance is ensured by the external magnetic field. The conductance is quantized
exactly as (e2/h) ·N at the quantum Hall regime. The integer N increases with chemical
potential.
A new mean field theory of the fractional Hall effect that has dynamical flux condensa-
tion is studied. If the filling ν is less than one, many particle states of Landau levels have
no energy gap unless interaction switchs on. In the tight-binding model, the situation is
very different. The spectrum that was found by Hofstadter first is changed drastically
when the flux is changed and it has a large energy gap in some regions. In our mean field
theory, lattice structure is introduced from von Neumann lattice and flux is introduced
dynamically. The mean field Hamiltonian becomes a kind of tight-binding model and
rich structure of the tight-binding model is seen, in fact, as characteristic features of the
fractional Hall effect. Our mean field flux states have liquid property of uniform density
with energy gap. They are defined as special integer quantum Hall states in the lowest
Landau level space hence the band structures shown in Figs.2 and 3 are very different
from those of normal integer Hall states. We gave a dynamical reason why the principal
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series at ν = p/(2p±1) are observed dominantly. These states satisfy the self-consistency
condition of having the lowest energy and the largest energy gap. The physical quan-
tities of our mean field theory are close to the experimental values in the lowest order
at ν = p/(2p ± 1). At the exact half-filling ν = 1/2, fluctuations are very large and
corrections from mean field value may be large, too.
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APPENDIX A
In the present representation, a short-range impurity term can be expressed as,
Himpurity = a
4
∫ pi/a
−pi/a
d2p1
(2pi)2
d2p2
(2pi)2
b†(p1)
∑
N(
2pi
a
)2e
ia
∫ pN
2
p1
A·dp
V˜ (p1 − pN2 )e−
a2(p1−p
N
2 )
2
8pi b(pN2 )
= a2
∫ pi/a
−pi/a
d2p1
(2pi)2
b†(p1)
∫∞
−∞ d
2kV˜ (−k)e− a2k28pi eiakiDib(p1),
Di =
1
i
∂
a∂pi
+ Ai, A = (
apy
2pi
, 0), (A.1)
pN2 = p2 + 2πN, V (x) =
∫∞
−∞ d
2kV˜ (k)eik·x.
With the creation and annihilation operator defined by,
A = Dx − iDy, (A.2)
A† = Dx + iDy,
[A,A†] = 1
pi
,
the above Hamiltonian can be written as,
Himpurity = a
2
∫ pi/a
−pi/a
d2p
(2π)2
b†(p)
∫ ∞
−∞
d2kV˜ (−k)ea2 (ikx−ky)Aea2 (ikx+ky)A†b(p). (A.3)
We represent Himpurity in Landau level representation of the momentum space defined by,
b(p) =
∑
l
blψ˜l(p), |l〉 = π l2 1√
l!
(A†)l|0〉, (A.4)
A|0〉 = 0,
ψ˜l(p) = 〈p|l〉 = C
∑
N
e−ipiNeikNapxHl(
a(py +
2pi
a
kN)√
π
)e−
a2
4pi
(py+
2pi
a
kN )
2
,
where kN = N +
1
2
and C is the normalization constant. The normalized lowest Landau
level wave function is,
Ψ˜0 = 2
1/4e−
a2p2y
4pi Θ1(
a(px + ipy)
2π
, i). (A.5)
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Himpurity is reduced to,
Himpurity =
∑
l1,l2 b
†
l1
V˜l1,l2bl2 , (A.6)
V˜l+n,l = 4π
√
l!
(l+n)!
∫
d2kV˜ (−2√πk)an(ikx + ky)nL(n)l (k2a2)e−a2k2,
V˜l,l+n = 4π
√
l!
(l+n)!
∫
d2kV˜ (−2√πk)an(ikx − ky)nL(n)l (k2a2)e−a2k2.
For a short range potential, we have
V (x) = gδ(x), V˜ (−k) = g
(2pi)2
,
V˜l+n,l = V˜l,l+n = 0, for n 6= 0, (A.7)
V˜l,l = 0, for l 6= 0,
V˜0,0 =
g
(2pi)2
4π
∫
d2kL
(0)
0 (a
2k2)e−a
2k2 = g
a2
,
Himpurity = V˜0,0b
†
0b0. (A.8)
Hence the one Landau level has the energy shift V˜00, and all the other Landau levels have
no effect from the impurity. The state |l = 0〉 has an isolated energy and its wave function
is square-integrable. This state corresponds to localized state.
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APPENDIX B
In Chern-Simons gauge theory in momentum space, the action is
∫
dtdp
1
2
ǫµνρa
µ ∂
∂pν
aρ + a0j
0(p) + F (c†(p1)e
ie˜
∫ p1
p2
aidpi
c(p2)), (B.1)
where in the last term operators b†(p1)b(p2) are replaced with c†(p1)e
ie˜
∫ p1
p2
aidpic(p2), and
the theory is defined on the torus[20]. The vector potential ai satisfy,
ǫ0ij
∂
∂pi
aj + j0(p) = 0. (B.2)
Its solution is substituted into the first term of (B.1). By choosing the coupling strength
e˜ from the condition,
e˜j0(p) +
a2
2π
= 0, (B.3)
j0(p) = (
a
2π
)2Ntotal. (B.4)
the phase factor which expresses the magnetic field in the momentum space in Eqs.(2.11),
(2.12), (2.13), and (2.14) are cancelled. In thermodynamic limit, j0(p) diverges, hence
e˜ in infinitesimally small. The fluctuation of Chern-Simons gauge field can be ignored.
The first two terms in Eq.(B.1) cancell if Eq.(B.2) is satisfied and do not contribute to
the energy of the system.
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Figure Caption
Fig.1 : Hofstadter butterfly. The spectrum of the principal series are shown by thick lines.
Fig.2 : Spectrum of ν = 1/2 state, ǫ−(p). The unit is (2/πa)(e2/κ)[J].
Fig.3 : Energy gaps(solid circles) and Band widths of excited states(open circles) of the
principal series. The unit is K[J].
Fig.4 : The energy gaps are calculated in the nearest neighbor approximation (dots) and
in the effective mass approximation(solid line). The experimental values are shown by
the dashed line.
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